n -Z y by cutting the closed 3-manifold along surfaces without self-intersections?
A close examination of this problem suggests that we have to face the following two problems.
(2.1) To define a family of surfaces, possibly with self-intersections, having certain properties.
(2.2) To select from the family a surface that has no self-intersections f i.e. we need to prove the existence in the family of a surface without self-intersections.
These are generalities, and they will be clarified in II.
II. THE SPHERE THEOREM, DEHN'S LEMMA, AND THE LOOP THEOREM 3. The sphere theorem. From now on everything will be considered from the semi-linear point of view, i.e. any 3-manifold will be considered with a fixed triangulation, which is permissible according to E. E. Moise's [13; 14] and R. H. Bing's [l; 2] work, any curve will be considered as polygonal, any surface as polyhedral, and so on.
Let M be a 3-manifold, such that ir?,(M) 5^0. This means that there exist in M 2-spheres, with self-intersections (singularities), which are noncontractible in M. Thus a family, required by (2.1), is well defined. Now in connection with (2.2) the question is: does the family contain a surface without self-intersections? This poses a certain problem, which may be called the sphere problem.
To the best of my knowledge, the first to attempt a problem of this kind was H. Kneser in 1928, [ll, p. 257] . He remarked that if 5 is a 2-sphere (without singularities) in M, such that M-S consists of two components M' and ikf", then 4 (3.1)
<KX(M) « A*B,
where TTI(M') ^A and TI(M") ~B. Then he tried to prove the following theorem, which is the converse of his remark. 
) holds y then there exists a 2-sphere without singularities S in My such that M-S consists of two components M' and M", where TI(M')
«i4 and in(M") «5. However his proof does not seem to be conclusive. See Nos. 12, IS, and especially Nos. 17 and 20.
In 1937 appeared the paper of S. Eilenberg [5] , which initiated the asphericity problem of knots, see No. 12. This paper inspired the 1939 paper of J. H. C. Whitehead This theorem was contained implicitly in the 1928 paper of H. Kneser mentioned twice above. Actually, the "Hilfssatz" [ll, p. 248] has to be split into the loop theorem and Dehn's lemma. We would like to emphasize that the loop theorem is independent of Dehn's lemma, i.e. it does not follow from Dehn's lemma, and moreover its proof has its own difficulties. It seems that J. H. C. Whitehead was in 1937 the first to observe this splitting. Actually, in [27, p. 65], the following lemma is proved, which is a special case of the loop theorem. Finally this author proved the loop theorem in complete generality [16, pp. 285-293] . However, I reproved (5.1) and I had to make use of it in my proof. This is Lemma (9.3), p. 287. 6 . Relation between the sphere theorem, Dehn's lemma, and the loop theorem. Looking more closely at these three propositions we recognize that they are of the same kind, namely: given a certain geometric entity with certain properties, to find 1 a simplest possible geometric entity with the same properties. This needs some explanation.
In the sphere theorem the geometric entity is a 2-sphere with singularities which lies in M, and its property is to be noncontractible in M. From this we construct a 2-sphere (without singularities) which lies in M and is noncontractible in M, i.e. we find a simplest possible geometric entity with the same properties.
In Dehn's lemma the geometric entity is the 2-cell with singularities which lies in M, and its properties are that it has boundary C, and its singularities are far away from the boundary. From these we construct a 2-cell (without singularities) which lies in M and has boundTo find means here to construct or prove the existence of. ary C, i.e. we find a simplest possible geometric entity with the same properties.
In the loop theorem the geometric entity is the loop L which lies in [7, and its properties are that it is ~0 in M and QkO on N. From this we construct a simple 3 loop which lies in U, is c^O in M and qkO on N, i.e. we find a simplest possible geometric entity with the same properties.
So actually the sphere theorem, Dehn's lemma, and the loop theorem are of the same kind. However, their relation is deeper, and this will be clarified in III, where we will give brief sketches of their proofs. TL) where the sum ranges over all covering translations r of p: M-+M, which are different from the identity, and d(L, TL) is the number of common points of L and rZ. We easily obtain from L a new loop V lying in [/, ~0 in M, and qkO on N, such that
where V is a loop on fit' covering U just once. From now on begin the main difficulties of the problem. We have to use the fact that fit' can be topologically imbedded in a 2-sphere, and then we have to make a detailed study comparing the position of L' with that of TL'. This is a rather delicate argument, and therefore we refer the reader to [16, Let Vi be a prismatic neighborhood of Di in Mi. So we have the diagram (8.1). Comparing (7.1) and (7.2) with (8.1) and (8.2), we see the differences and the similarities.
We can repeat again and again the above construction, and so we obtain the following diagram 
This means that either t{D') <t{D) y or if t(D') =t(D) then d(D') <d(D).
We In the same way we obtain from D' a new Dehn disc D" in M, with boundary C, which is simpler than D', and so on. In a forthcoming paper of Arnold S. Shapiro and J. H. C. Whitehead [30] a simplified proof of Dehn's lemma is given using 2-sheeted In the same way we obtain from D' a new 2-sphere with singularities D" in M, such that D"qk0 in M, which is simpler than D' and so on. Finally, after a finite number of repetitions of this construction, we obtain a 2-sphere with singularities Z> (m) in AT, such that D^m ) gk0 in M, and which has complexity (0, 0). This means that P (w) has neither triple points nor double lines. Hence D (m) is the required 2-sphere 5, without singularities.
Theorem (3.4) contains a rather restrictive condition. Namely, the condition of the imbeddability of M in N, which has a certain property. This condition is used only in the special case where the height of the tower (8.4) is » = 1, and d(I>i)=0, [18, p. 18, 11. 1-14].
In December 1957 J. H. C. Whitehead freed the theorem from this condition, and so we now have the sphere theorem in complete generality. He constructs a tower (8.4) in the following way. Let us consider the diagram (8.1) as defined above. Let r be a covering translation of pi: Mi-*V different from the identity, and such that rD\ meets Di. Then in (8.4), the covering p\\ M\-*V is not the universal one as in our construction, but a covering corresponding to the subgroup of TI(V) generated by r. All coverings p { \ Mr-»W-i, i = 2, • • • , n, axe universal as in our construction. Finally he stops the tower at a height w^O, such that 7Ti(F n ) infinite, while we essentially stopped the tower at a height w^O, such that 7Ti(F n ) = l. These are Whitehead's modifications, and after that everything works smoothly following our method. However, in my opinion, the greatest importance of Dehn's lemma lies in the fact that it may possibly be used as a tool in proving Poincaré conjecture. Of course this is a personal opinion, and it need not be accepted up to the moment when there will be a proof of Poincaré conjecture based on Dehn's lemma. I would only like to observe that Dehn's lemma is not going to be enough to prove Poincaré conjecture, and that some other things will have to be used too. 
where A and B ^ 1.
Then he proved that (12.3) implies (12.2). Actually his intention was to prove (12.1), which is a much stronger statement. This is proved in [18, No. 27, p. 19] and the proof is based on the sphere theorem. We would like to emphasize, that Higman's remark and problem 13 Several times we have mentioned Kneser's lemma, but we are not going to state it, because it is a rather complicated statement, and we are not going to give any application of it in the present paper. However, we had to mention it, at least for its historical significance. are special cases of Kneser's remark and problem (3.2), see also No. 17.
Other applications of the sphere theorem will be given in V.
V. RESULTS ON THE CLASSIFICATION PROBLEM 13 . This paper began with the classification problem, it then passed to the three theorems, namely, the sphere theorem, Dehn's lemma, and the loop theorem. Let us now see how far we have gone toward the solution of the classification problem for closed 3-manifolds, using the sphere theorem. Throughout this section we will consider orien- We would like to point out that, if M is an orientable closed 3-manifold, such that TTI(M) is a free group on h~h'+h" free generators, then there is a 2-sphere S in M, such that M-S consists of two components M' and M", where 7Ti(Af') and TTI(M") are free groups on h! and h" free generators respectively. 18 This means that in this case we can solve Kneser's problem The problem of the genus (i.e. to determine the genus) of an orientable closed 3-manifold seems to be of importance for the classification problem. This is an unsolved problem, and we can solve this problem only, modulo Poincarê conjecture, in the special case where the fundamental group of the 3-manifold is a free group on fc^O free generators. Actually by No. 15, the 3-manifold is a 3-sphere with h handles if h>0, and so its genus is h. However if h = 0, the 3-manifold is simply connected, and here is a place where the Poincarê conjecture comes into play. Indeed, Poincarê conjecture asserts nothing else but that any simply connected closed 3-manifold has genus zero.
Another related problem is the following uniqueness problem. 17. Kneser's method. We would like to mention here the method developed in the 1928 paper of Kneser [ll, No. 4, pp. 252-256], because it seems to me to be of importance. However we have to observe that it contains gaps at some crucial places so that the reader of it has to be especially careful.
Let us mention once again the problem (3.2), which we met in Nos. 12 and 15, in conjunction with the Higman's problem and the 3-spheres with handles respectively. We call this problem Kneser's conjecture, and it would be desirable to have a proof of it.
KNESER'S CONJECTURE. Let M be an orientable 3-manifold, such that*
Then there exist a 2-sphere without singularities S in M, such that M-S consists of two components M' and M", where Ti(M')^A and in(M")~B.
See also No. 20.
VI. REMARKS
18. Poincaré conjecture and classification. We would like to emphasize the importance of Poincaré conjecture for the classification problem of orientable closed 3-manifolds. This is obvious from Nos. 14-16, where the central rôle of this conjecture can be recognized.
We now observe that using the sphere theorem we obtained some results on the classification problem of orientable closed 3-manifolds. Possibly, using instead of 2-spheres orientable closed surfaces of genus > 0 in the 3-manifolds, we might obtain additional information on the classification problem. See [18, §9, p. 24, Problem 3].
19. Geometric problems and algebraic techniques. It seems that the following is true.
(19.1) To solve a geometric problem we need to perform certain geometric operations. However these operations will be possible only under certain conditions. To prove the existence of these conditions, we often need to use algebraic techniques and results.
This needs some explanation. For this reason let us look closely at some of the places in [18] , and at the history of some of the problems contained in [l8] .
To 20 he thought that he had proved his lemma. However what he actually did was, that from the 2-cell with singularities, whose genus is zero, he obtained a surface with fewer singularities, but whose genus might be zero or one. So, though he reduced the singularities, he might have increased the genus. This is a typical mistake in this kind of problem. Namely, to reduce some kind of difficulty, and at the same time to insert a worse difficulty.
I. Johansson, studying diagrams, i.e. the inverse images of Dehn discs, 9 during the thirties, arrived at the conclusion, that Dehn 1 s lemma might be proved possibly, by conveniently selected cuts [8, p. 314, 11. 18-20] . His conclusion is justified by this author's proof, for the case of an orientable 3-manifold.
Actually, looking closer at the proof of Dehn's lemma in [18], we observe that we actually construct the desired disc [18, p. 2, 11. 34-38], and that the construction is carried out by means of successive cuts. Let us now analyze our proof, and point out the delicate points.
Using covering spaces of covering spaces (the tower) No. 8, we arrive at a crucial value n (the height) where the process actually stops. Obviously, here something has to be brought into play, and this is a theorem due to H. Seifert [22, p. 223, Satz IV] , that the first betti number, of a compact 3-manifold with boundary, is at least equal to the sum of the genera of the boundary surfaces. This is a key theorem for 3-manifolds, relating an algebraic notion (the betti number) with a geometric one (the genus). Seifert's theorem implies the following, see diagram (8.4 In case d(D n ) = 0 the above process cannot be applied any more. So some new process has to be found. The intuition suggests that there should exist a double curve on the Dehn disc D, which is a simple* curve. This actually holds, and the proof of it is rather algebraic, see [18, Nos. 11-12, pp. 11 -13] . We emphasize that this is the most delicate part of the proof. After the proof of the existence of such a curve, things are easy. In fact we perform a cut of the Dehn disc D, along that curve, and we obtain a new Dehn disc with less complexity. The cut along a "simple" double curve is not dangerous, i.e. it does not increase the genus of the surface. This is the only case where we can apply Dehn's process, without any danger.
Looking back we see that the main difficulty of the problem was to prove the existence of nondangerous cuts, and to prove this existence we used some algebraic results and techniques, at some crucial places. The above justifies (19.1).
We can have analogous remarks and conclusions, analyzing the proof of the sphere theorem. However, the geometric operations needed here are the cuts and some carefully performed deformations. We have to keep in mind that we need the additional condition, that the 2-sphere is not homotopic to zero in the 3-manifold.
We now turn to an analysis of the proof of Theorem (32.1), [18, p. 23] . This theorem asserts that, if Poincarê conjecture is true, then any orientable closed 3-manifold, whose fundamental group is a free group on h(^Q) free generators, is a 3-sphere with h handles. The proof is by induction on h, and makes use of the sphere theorem. However, to be able to apply the sphere theorem we need to prove that ^T^O. This is done by using a theorem due to E. Specker [24, p. 325, Satz VI] . The proof of this last theorem is based on the first part of Specker's paper, which makes use of the theories of B. Eckmann, H. Freudenthal, H. Hopf, W. Hurewicz, and others. It is difficult to see how we could go through, without the knowledge of those algebraic topological theories. A final remark is the following: in the proof of the above theorem, the induction starts with h = 1, and the theorem for h = 0 is Poincarê conjecture. Once again we see the importance of this conjecture.
We hope that the above explanations clarify and justify (19.1).
20. Kneser's conjecture. At several places in this paper we met Kneser's conjecture, see Nos. 3, 12, IS, and especially No. 17. Let us now look closer at the proof of Higman's problem, which is a special case of Kneser's conjecture as was observed in No. 12. We would like to prove that (12.3) implies (12.1), and we proved this by proving first that (12. 3) implies (12. 2), and secondly that (12. 2) implies (12.1). The first was proved by G. Higman [7, p. 122 , Theorem 2], using algebraic techniques, and the second was proved by this author using the sphere theorem [18, No. 27, p. 19]. This suggests that the gap between (17.1) and the conclusion of Kneser's conjecture is so great, that it has to be factored, and we first have to prove that (17.1) implies 7r 2 7^0, and then that 7r 2 3^0 implies the desired conclusions. It seems that the first step has to be proved by algebraic topological techniques, and the second one by using the sphere theorem and something more, because the sphere theorem is not enough to provide us with the conclusions of Kneser's conjecture. Thinking now that the algebraic topological techniques were rather undeveloped in 1928, we easily conclude that it was rather hopeless, to expect to have a satisfactory proof of this strong statement at that time. As far as the 3-manifolds with boundary, compact or not, are concerned, we restrict ourselves to the consideration of the following special case. Let Xbea knot in S z , and let T be a small tube around K. Then the closure of S z -T is a compact 3-manifold MR whose boundary is the same as that of T. The classification of the MRS is equivalent to the classification of the knots in S 3 , and this is supposed to be a very difficult problem. We now observe that MR is a compact 3-manifold with boundary, of a very special kind. Namely MR can be imbedded in 5 3 , and its boundary is a closed surface of genus one. From the above, one gets an idea of how difficult the classification problems are for nonclosed 3-manifolds. 22 . We would like to point out that the purpose of this paper is not to give a complete account of the knowledge of the classification problem of 3-manifolds. Many nice and important things have not been even mentioned in this paper. The purpose of this paper is only to explain the point of view in which this author believes.
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